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1 Introduction 

In this paper, we consider the following elliptic problem: 

{ —An = Xu + u 2 -1 in fl, 
u > 0 in fl, 

u = pg on dfl, 

where fl C R n (N > 3) is a bounded domain with smooth boundary, 2* := 2 N/(N — 2) is the 
critical Sobolev exponent, X, fl > 0 are two parameters, g{x) £ H l t 2 (dXl) fl C(dfl). 

By the classical regularity theory (cf. Gilbarg and Trudinger [H]), each solution of Prob¬ 
lem (Vx,p) is C 1 , which implies that {Vx,p) has no solution if min{f/(x), 0} ^ 0 for // > 0. On the 
other hand, it is easy to see that {Vx,p) with g > 0 and g = 0 is equivalent to (Vx,o)- So, it is 
natural to discuss {Vx,p) under the following assumption on g(x) 

(G) g{x) > 0 and g(x) ^ 0. 

(Vx,o) is called as the Brezis-Nirenberg problem, since it has been first studied by Brezis and 
Nirenberg in their nice paper [5|. In that paper, they have proved that (Vx,o) has a solution for 
N > 4 if and only if A € (0,Ai), where Ai is the first eigenvalue of (—A,I?g(D)). They have also 
proved that there exists A* € (0, Ai) such that (Vx,o) has a solution for N = 3 when A £ (A*, Ai) 
and no solution for N = 3 when A > Ai. Moreover, when fl is a ball in R 3 , A* = ^ and ( Vx,o ) 
had no solution for A £ (0, A*] (see also in [B]). Since then, many papers have been devoted to the 
Brezis-Nirenberg problem, see for example Arioli et al. |2], Clapp and Weth [ T2] . Chen et al. m, 
Schechter and Zou |2D], Zhang \T2\ and the references therein. 

When g > 0 and (G) hold, {Vx,g) is a kind of the so-called elliptic problems with nonhomo¬ 
geneous Dirichlet boundary conditions. Since (Vx,y) links closed to (Vx,o), the Brezis-Nirenberg 
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problem, we call as the Brezis-Nirenberg problem with nonhomogeneous Dirichlet boundary 

conditions. 

The elliptic problems with nonhomogeneous Dirichlet boundary conditions have been studied 
widely in the past decade. To our best knowledge, many papers have been devoted to the existence 
of infinitely many nontrivial solutions for subcritical cases, see for example Salvatore |18j . Bolle 
et al. J5], Candela et al. [TO] , Hu [T5] and the references therein, and there are few results about 
the critical case, for example Thus, the purpose of this paper is to study the existence 

and multiplicity of solutions for the elliptic problems with nonhomogeneous Dirichlet boundary 
conditions and critical Sobolev exponent. More precisely, the solutions for ( V \ iAt ). 

It is well known that if v is a solution of the following elliptic problem 

{ —Av = X(v + p<p) + (v + ptp) 2 in fl, 

v > 0 in fl, (Qa,/0 

v = 0 on (9fi, 

then u = v + p is a solution of (V \ iAI ), where p satisfies 

J A p = 0 in D, 
p = g on dtt, 

and vice versa by the maximum principle. Therefore, the study of the existence and multiplicity 
of solutions for (V\^) is equivalent to the study of the existence and multiplicity of solutions for 
(Qv./i)- 

Clearly, (Qa,/J has a variational structure in Hq (fl) and the corresponding functional of 
defined on Hq(U), is given by 

hA v ) = l J \Vv\ 2 dx - ^ J \v + pp\ 2 dx - ^ j \v + ppfdx. 

Hence, we can use the variational method to study the existence and multiplicity of solutions for 

The Nehari manifold is a useful tool in proving the existence and multiplicity of solutions for 
elliptic problems with homogeneous Dirichlet boundary conditions and variational structure (cf. 
Sun and Li [T9] and Wu [21]). Let A/a jM := (u £ Hq (H)\{0} : I' X /1 (u)u = 0} be the Nehari manifold 
of It is well known that the Nehari manifold is closely linked to the behavior of the 

fibering maps, which is given by T x ^^ u (t) := I x ^,itu). t > 0. The fibering map has been introduced 
by Drabek and Pohozaev in E! and has also been studied by Brown and Wu [7], Brown and Zhang 
[8]. Moreover, T x (t) = 0 is equivalent to tu £ A/a, m . In particular, T' x { 1) = 0 if and only 
if u £ A/"a iM . Since T X ^ :U £ ^(R+jR) for every 0 ^ u £ Hq(Q), it is natural to split the Nehari 
manifold into three parts: 

A7+ /i :={n£WA, M :7l , i/ii „(l)>0}; 

M x ^ :={«e^A,M:^,„(l)<0}; 

■■={ueMx,,:T'AA 1) = 0}. 

The crucial point of using the method of the fibering maps (or the tool of the Nehari manifold) 
is to show that the unit sphere of I?o(H) is homeomorphous to -Xf x jr However, when p > 0, 
|u + pp\ 2 can not be controlled by some homogeneous terms of |it|. This brings about the usual 
arguments of proving the homeomorphism between the unit sphere of Hq (H) and M x are invalid 
in dealing with (<2 a,/j) for p > 0. Another difference in using the method of the fibering maps to 
find solutions of (Qa.^i) with p > 0 is that even though v\ ifi is a minimizer of I\ }fl (v) on J\T X , it is 
not trivial to know |ua,^| is also a minimizer of on Af x . In order to prove the multiplicity 

of solutions (more precisely, four solutions) for (Qa,/j) by using the method of fibering maps, we 
need to overcome these difficulties, which require us to make some careful analysis and complicated 
estimates. 

The first result obtained in this paper is 
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Theorem 1.1 Assume ( G ) holds and N > 4. TTien we have the following. 

(a) has no solution for A £ [Ai, +oo) and p, > 0. 

(&) For every A £ (0,Ai), there exist 0 < p* x < p*(X) < +oo such that (fP\.^) has two solutions 
for p £ (0 ,p x ), one solution for p £ [/i^,/x*(A)] and no solutions for p > p*( A). 

It is well know that the number of solutions for elliptic problems on bounded domains are 
effected by the topology of the domain, see for example He and Yang m and Wu m ■ Inspired 
by these papers, we obtain the following result. 

Theorem 1.2 Assume ( G ) holds and N > 4. If the domain II satisfies 

(D) There exists So £ (0,1) such that B i \B$ 0 C fl and Bs a nil = 0, where B r := {x £ R w : 

5 0 2 

|x| < r}. 

Then there exist A* £ (0, Ai) and p* > 0 such that {V\^) has at least three solutions for A £ (0, A*) 
and /i £ (0, /i*). Furthermore, if Sq is small enough, then (Vx^) has at least four solutions for 
A £ (0, A*) and p £ (0, /r*). 

In this paper, we will always denote the usual norm in Hq(H) and L P (R W ) by || • || and || • || p , 
respectively. C will be indiscriminately used to denote various positive constants. 


2 Nonexistence results for (Q\ 4i ) 

In this section, we will discuss the nonexistence results for ( Q \ iM ). For A £ (0, Ai), we consider an 
operator which is defined on Hq(£1) x R as follows 

Tl\{v , p) = —Av - X(v + pip) — (v + /atp) 2 ~ 1 . 

It is clearly that H\ (0,0) = 0 and ^^-(0,0) = id — XT, where T is the imbedding map from 
Hq(H) to L 2 (H). Since A £ (0, Ai), by the implicit function theorem, there exist /i°(A) > 0 and a 
continuous curve (n M ,/z) in Hq(CI) x R with vo = 0 such that 'H\{y ll ,p) = 0 for all 0 < p < p°( A). 
For every A £ (0,Ai), let 

/i*(A) := sup{/x : p > 0 and (Qa,^) has a solution}. 

Then it is easy to see that p*(X) > p°{X) > 0. The next lemma implies p*(X) < +oo for every 
A £ (0, Ai). 

Lemma 2.1 Assume (G) holds. Then p*(X) < +oo for every X £ (0, Ai). 


Proof. Assuming the contrary. Then there exists Ao £ (0, Ai) such that p*(Xo) = +oo. This 
means that there exists {p n } satisfying p n +oo as n +oo such that ( Q \ 0 ^ n ) has a solution 
for every n £ N. Since u^ n is a solution of (Qa 0 ,ai„)> multiplying ei, the eigenfunction of Ai, 
on (Q Ao ,/,J with both sides and integrate, we obtain 


(Ai-A 0 ) / u^eidx > Xon n / ipeidx + / 

J J Qj J .AAn 


u 2 1 e\dx , 


where Ax 0 , n := {x £ H : u^ n > (Ai — A 0 ) 2 *- 2 }. On the other hand, 


Therefore, 




(Ai - A 0 ) / u^eidx < (Ai — A 0 ) / u^eidx + (Ai - A 0 ) 2 ’^ 2 / ei dx. 

J t n J 


((Ai - A 0 )iv„ - u 2 * n 1 )ei dx + / (Ai — X 0 )^ w ^e 1 dx - X 0 p n / ipeidx > 0. (2.1) 
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Note that ((Ai — A )u Mn — u 2 r f 1 ')eidx < 0. Thus (12.11) is impossible for n large enough, since 

ipeidx > 0 by (G) and the maximum principle. 

We close this section by the following proposition. 

Proposition 2.1 Assume (G) holds. Then 

(1) (Qa,p) has no solution for A £ [Ai, +oo) and /r > 0. 

(2) For every A 6 (0,Ai), (Qx/i) has one solution for p £ (0,^t*(A)] and no solutions for p, > 

Proof. Multiplying e\ on (Qx,^) with both sides and integrate, it is easy to see that the conclusion 
(1) holds since <p > 0 under (G) by the maximum principle. For every A £ (0, Ai), by the definition 
of /i*(A), we can use the method of sub- and supper-solutions (cf. Canada et al. 0) in a standard 
way to show that (Qa,^) has a solution for every fi £ (0, /x*(A)). By taking a limit, (Qx.u) also has 
a solution for p = /z(A)*. Thus, conclusion (2) follows immediately from Lemma [2~T1 


3 Properties of the Nehari manifold 

In this section, we will study the decomposition and properties of the Nehari manifold and 
the hbering map We start by 

Lemma 3.1 For every 0 < A < Ai, there exists > 0 such that, for every fj, £ (0,/x°), we have 

(1) If v ^ 0 and Ap, f n (pvdx + ff 2 _1 f n ip 2 ~ x vdx < 0 then there exists unique tf^(v) > 0 such 
that tf :ll (v)v£Af^. 

(2) If v ^ 0 and Xp f n <pvdx + fj 2 JqP 2 ~ l vdx > 0 then there exists unique tf (v) > 

tx,^ v ) > 0 such that t lA v ') v e and t xA v ) v 6 -A/j^r Moreover, IxAt$^(v)v) = 

min o 

( 3 ) ^ = 0 . 

(4) dist(M^,M+J := inf{||u - z\\ : v £ z £ tf+J > C( 1 - > 0 . 


Proof. Clearly, for every 0/w6 Hq (0), 


and 


T'x„, v (t) = t\\vf - A / (tv + p<p)vdx — / \tv + mp\ 2 2 (tv + pnp)vdx 

J Q. JQ. 

T'UAt) = INI 2 - A|M|1 - (2* - 1) / | tv + wf~ 2 v 2 dx. 

J n 


Since A < Ai, there exists p\ > 0 such that (1 — -^)S— (2* —1)2 2 * 2 p 2 “ 2 ||(/3|||I > 0 for p £ (0, p\), 
where S is the best Sobolev embedding constant given by S = inf u6J/ i(Q)\{ 0 } jp-jp - - Let 


to(v) = ( 


IM| 2 - A||u||| - (2* - 1)2 2 * 2 p T 2 2 v 2 dx 

(2* i)2 2 *— 2 iiu|| 2 : 




then T x (t) > 0 for t. £ (0,to(v)). For the sake of clarity, we divide the following proof into 
several claims. 

Claim 1: For every A £ (0, Ai), there exists p\ £ (0,/x^) such that T' x v (to(v)) > 0 for 
M e (0,p 2 x ). 
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Indeed, if A fi f Q tpvdx + /t 2 * 1 J n p 2 ‘ 1 vdx < 0, then T X/Jlv ( 0) > 0. Since T"^ v (t) > 0 for 
A G (0,Ai), /it G (0, fi\) and t G (0,t o (v)), T \,», v (to(v)) > 0 for A G (0,Ai) and p G (0On the 
other hand, if A At / n tpvdx + At 2 * -1 f a p 2 ~ l vdx > 0, then T' x (0) < 0. In this case, by directly 
calculation, we have 


T'x^^itoiv)) = t 0 (v)(\\v\\ 2 ~ \\\v\\l) - / tpvdx- / \t 0 (v)v +/xip\ r 2 (t 0 (v)v + ptp)vdx 

J Q, J Q 

>t 0 (v)(\\v\\ 2 - \\\v\\l) - X/J, [ pvdx-2 r ~ 2 {t 0 {v) 2 *~ l \\v\\% + [ MIa^I 2 * -1 ^) 

J Q J Q 

>to{v)(l - 1 )(lkl| 2 - A||u||s) - Ap f tpvdx- 2 r - 2 f \v\\pp\ r ~ 1 dx 

J fi J 

>(C(1 C lA t 2 *- 2 )^( 1 CiM 2 *” 1 - C 1 AAt)|| W || 2 .. 

M Ai 

Therefore, for every A G (0, Ai), there exists p\ G (0, p\) such that T x v (to(v)) > 0 for At G (0, a t 2 )- 
Claim 2: For every A G (0,Ai), there exists p\ G (0,At 2 ) such that if t > to(v), /t G (0,/t|) 
and = 0 then T \,^v{ t ) < °' 

In fact, if not, then there exist Ao and a sequence A< n —>• 0 as n —> oo such that T Xg V (t n (v)) = 0 
and T" q ^ V {t n (v )) > 0 for some t n (v) > to(v). This, together with the Young inequality, implies 


0 >( 2 * - 



>( 2 * - 


l)t n (v) 2 \t n {v)v + Unipf 2 V 2 dx — AoUntniy) 

/ pvdx 

Jn 

In 

\t n {y)v + p n ip\ 2 ~ 2 (t n (v) 2 v + t n (v)ii n tp)vdx 


2 )t n {v) 2 / \t n (y)v + ii n ip\ 2 *~ 2 v 2 dx - AoHntn(.v) 

/ tpvdx 

JQ 

In 

\t n {v)v + Untp 2 ~ 2 t n (v)n n pvdx 



Jn 

>Ct n (v) 2 |M| 2 . -t n (v)C iAo/z n |H| 2 * -Cip n t n (v) 2 _1 |M| 2 » _1 - 
Cl At 2 * _ 1 fn (tt) ||tt || 2* 

>Ct n {vf ||t;|| 2 ; - C,At 2 * - C^AoAtn)^!. 


CiAt 2 ~H n {vY\\v\\i. 


(3.1) 


Since t n (v) > t 0 (v), (f re (t;)|M|2*) 2 * > C((l — — CiAt 2 * 2 ) 2 *- 2 , which implies 

0 > C(( 1 - - CiAt 2 *- 2 )^ - ^At 2 * - CiCAoAtn)^ = C(1 - ^ + o„(l))^ + o„( 1), 

Ai Ai 

which is a contradiction for n large enough since Ao < Ai- 

Claim 3 T' x (i) — > —oo as t —> +oo for every A > 0 and At > 0. 

Indeed, 

T' Xll (t) = t(||w|| — A||u|| 2 ) — AAt / tpvdx — j \tv + ptp\ 2 ~ 2 {tv + ptp)vdx 

Jn Jn 

=*(IMI - A||u|||) - A At [ tpvdx - t 2 _1 ( [ \v\ 2 dx + o t ( 1)). 

J n J n 

Since v ^ 0, T x (t) —> —oo as t —» +oo. 

By Claims 1 and 3, for every A G (0,Ai) and a t G (0,At 2 ), there exists t x (v) > to(v) such 
that t Xfi (v)v G for every v G .ffg(fi)\{0}. Thanks to Claim 2, t x (v) is uniqueness when 
A G (0, Ai) and At G (0, p x ). Moreover, if A/j f n tpvdx + p 2 -1 f Q ip 2 ~ x vdx > 0, then by Claim 1, for 
every A G (0, Ai) and p G (0,at 2 ), there exists unique t x (v) G (0,to(f)) such that t x (v)v G A f X)Jj 
and Tx,^(t^^(v)) = min 0 < t < t - (l)) T\ tlJj (t). If there exist A 0 G (0, Ai) and /to £ (0,a 4 o ) such that 
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K 0 ,uo ± 0 ’ then there exists V 0 e -^Ao.W This meanS that T Ao,Mo,^o( 1 ) = 0 and T ” 0 ,» 0 ,v 0 ( l ) = °- 

By Claim 2, we have 1 < to(vo). This, together with the choice of to(vo), implies T" g VQ ( 1) > 0, 
which is a contradiction. Therefore, J= 0 for every A G (0,Ai) and /i € (0,/z|). If there exist 
Ao G (0, Ai) and a sequence /x ra —> 0 as n —> oo such that dist(A/^ Mn ,-A/^ ) —» 0 as n —>• oo, then 

there exist v n G A/"^ and z n G A/"^ such that ||u ra — 2 n || -> 0 as n -> oo. Since v n G , 

T£ o „„(1) =0 and T" o Mni „ n (l) > 0 for all n G N. Similar to (13.11) . we obtain 

IKII <C'((t^ L T A X ^n)^+An)Y for all n G N. (3.2) 

Ai — Ao 

On the other hand, since z n G N Xg , T^ o Zn (l) = 0 and T" o ^ 2 „(1) < 0 for all n G N. This 
implies 1 > t 0 (z n ) for all n G N. Thus, 

\\zn\\ > C\\to(z n )z n \\ 2 , > (C'(l-^)-C' lM r _2 ) 3 ^ 3 for all n G N. (3.3) 

M 

Combining (|3.2j) and (|3.3|) . we have 

O n (l) = |K - Zn|| > ||~n|| - |K|| = C(1 ~ ^ +0„(1))^ +o n (l), 

M 

which is a contradiction for n large enough. Thus, for every A G (0, Ai), there exists A < Ax such 
that dist(A/’ A " /i , A/^) := inf{||w — z\\ : v G A /^,z G A > C( 1 — j^) 2 *- 2 > 0. We complete the 
proof of this lemma by taking Ax = A- 

Lemma 3.2 Tor every A G (0, Ai) and fi G (0,/x°), infy A(j IxA v ) > —oo. 

Proof. By Lemma l3Tl for every A G (0,Ai) and fj, G (0,/x°), A/a iM ^ 0. Let v G A/"a iM , then, by 
the Young inequality, we have 

hA v ) =/ A A v ) ~ 2 T ^( v ) v 

= --7T [ v vdx - ^IImtII! + t: [ \v + ~ 2 (v + nAvdx - ^Wv + 

z Jn z z Jo. z (3.4) 

a\ - ^r)l|w + - \b + - ^llwlll - 

>c\\v\\%-C{\A 

This means that inf^ I\A V ) > 

By Lemma (3~2l we can define = inf^i I\A V ) when A G (0,Ai) and /a G (0,/i°). More¬ 
over, by (4) of Lemma 12.11 if v x G A/j^ satisfy I\,n(v\ ^ , then are also local 

minimizers of T\ jA1 on A/a./j, • Next lemma gives an estimate of rn x 

Lemma 3.3 Tor every A G (0, Ai) ; t/iere exists Ax G (0,/r^] such that 

ml ift < /a,^(0) < 0 < m X tl for \i G (0,/4). 

Proof. We first estimate m^. Indeed, Tx,^ v ( t iA v ^ = min 0 < t < t - ^Tx^^ft) < Tx^A °) for 
A G (0, Ai), /z G (0,/A() and u G 7do(fl)\{0} by Lemma l3Jl So 

m A,n — ,ii( v ) v ) = ^ r A , Mlfl (o) = Ja, m (o) < o. 

Next, we estimate m x Assume n G A/)(~ , similar to (13.41) . we have that 

Ja,m(«) > C||v||i: - C lM 2 * - CiA/i 2 - C' 1 (A/x) 2 * /(2 * -1) . 
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Since v £ Af X/x , similar to (13.31) . we have ||f H 2 * > (C(l — ^-) — Cipi 2 * Thus, for every 

A £ (0,Ai), there exists n* x £ (0,/li°] such that I\,^(v) > C( 1 — A) 2 */( 2 *- 2 ) > 0 for v £ Af Xfl , 
which implies m x > 0. 


Remark 3.1 Combining Lemmas \3.1\ and 1,5.51 we can conclude that for every A £ (0, Ai) and 
h £ (0,/4), I\,ii(tf ^v)v) = max t >o I\^{tv) for every v £ 0}. 

We close this section by establishing a local compactness lemma. 

Lemma 3.4 Assume I\^{v n ) = c + o„(l) and I'\ tll {v n ) = o n ( 1). If c < jjS' N ^ 2 + m x fl , then there 
exists Vq £ Hq(LI) such that v n —> Vq in up to a subsequence. 


Proof. Similar to (13.41) . we know that {u n } is bounded in L 2 (ft). Since 


I\,p.{v n ) 2 *I\,u( Vn ') Vn 


= {\ - 4t)(IKH 2 - 'MKIli) - (1 - 4) A f VnWdx - 

J Q 

- 7 TT / K + ivp\ r ~ 2 {v n + IMfi)pipdx 
z Jn 


.1 1 


A 


>(g - 2 ^)(! ^ ^)IKI | 2 - c A/z|K|| 2 . - C Am 2 - <V - Cpi ||t 

{ v n } is bounded in Hq(LI). Without loss of generality, we assume v n vo in Hq(LI) as n —>• 00 . 
Let ui n = v n — vq then w n — 1 0 in Hq(LI) as n —> 00 . Note that, by the Brezis-Lieb Lemma and 
v n —> vo in L 2 (fl), we have 

hA W n) = \\\ w n \\ 2 - ^\\Wn+W\\l ~ ^ || Wn + W>l| 2 * 

=h,fi{v n ) - I\,ii(vo ) + h,n(0) + On( 1 ) 

- ^ [ (K - V 0 + pVfi \ 2 + |W 0 + A^l 2 - \Vn + pVp \ 2 ~~ \pvp\ 2 )dx 

z J n 

- 7 — [ (\v n - V 0 + pnp\ 2 +|u 0 + W | 2 -|fn+W >| 2 “| pb<fi\ 2 )dx 


* Jn 

=h,^{v n ) - h^ivo) + h,fi{0) + o n { 1) 

1 

2 Jn 

1 /' 


(3.5) 


- 7TT / (\Wn + wf - \Wnf ~ \wf )dx 


(|uo + Ai(^| 2 +\w n \ 2 - \w n + v 0 + iup\ )dx 


in 


=I\,fj,{v n ) - h^iyo) + /a,m( 0 ) + 0 „( 1 ). 

On the other hand, also by the Brezis-Lieb Lemma, we have 
A,n( w n)Wn 

=I X,n{ v n)v n - I\Jv 0 )v 0 + O n (l) - / (|w„ + W| 2 ~ 2 K + w)w n dx 

Jn 

+ / (|u n + ^| 2 ~ 2 (u n + - I wo + w| 2 ~ 2 (vo + fj,ip)vo)dx 

Jn 


=I '\ ^{vn)v n ~ I'\ ^{vo)vo - \ (\v n - Vo + pup\ 2 + \v 0 + pvp\ 2 - \v n + pip\ 2 - \p,p\ 2 )dx (3.6) 

Jn 

+ O n (1) + / (|w>n + W| 2 _2 (w'n + pHfi) - |/X<p| 2 _1 - |l>„ + ^| 2 _2 (u n + piip)) pnpdx 

Jn 


+ / |fo+W?| 2 2 (u 0 + pup)pupda 

Jn 

=I \A V n)Vn - I'\,uiyo)Vo + 0 „( 1 ). 


7 


Since v n —*• vo and I x (u ra ) = o n (l), / A (i>o) = 0. This means that I' x ^(w n )w n = o n (l). Assume 
||w n || 2 = b + o n ( 1). Then, by I' X lJt (w n )w n = o n (l), we know that \\w n \\ll = 6+o n (l). This, together 
with the Brezis-Lieb Lemma, implies that 

IxA^n) = ^b + o n (l) + IxAO)- (3-7) 

Note that vq ^ 0 and (uo) = 0 for /z > 0. Therefore, I\A V o) > to a ^ by (3) of Lemma l3Jl and 
Lemma ITTTTTl Thus, combining (13.511 and (13.71) . we conclude that b < S N / 2 . On the other hand, if 
b^O then b > S N / 2 , since 

b 2*l2 s -2 */2 + Gn(1) = ||u; n || 2 ’5- 2 */ 2 > |K|| 2 1 = b + O n ( 1). 

Therefore, we have v n —> vq in 


4 Two solutions of (Qa, m ) 

In this section, we will obtain two solutions of (Qa.aO by using the method of fibering maps. We 
start by 

Lemma 4.1 For every A £ (0, Ai) and /z £ (0, n* x ), (Q\ ifl ) has a positive solution v x £ J\f x with 

hA v lA = m tu- 


Proof. By Lemma l3Jl Af x ^ = 0 for A £ (0, Ai) and /z £ (0,/z A ). Thus, using the Ekeland 
principle in a standard way (cf. Sun and Li [19] ), we can obtain a sequence C A f x satisfying 

hA v \A ->• m l,a and I! KJ 


that 


U X,fM 

} n 

A,/4 


\,Ll 

in Hq(£Y) asn^ oo, which implies /a,^( 


0 as n —>■ cx). Thanks to Lemma there exists v A ^ such 


'A ,n> 


) = m x . Without loss of generality, 


we can choose v x > 0. Indeed, if (v x )_ := min{z; A , 0} 0, then | (J><p + v x \ < yup+\v x \ since 

tp > 0. Therefore, 


hA v t 

i, 


J 


>- 


^KJ 2 

In, 






■will - 


■ will* 


■ w 


1 , 
2* I 


A,fo 


II 2 * 

Hl 2 * 


(4.1) 


=A,„(!<„!). 


On the other hand, by Lemma [3TTl there exist 0 < i^d^t/zD < ^.ud^A J) < +°o suc h that 




\ v lA €Ar £» and MKJ 




u X,n I 


G J\T X . There are two cases may occur: 


•ocfoK./J) <!; 


(1) r } 

(2) 1 < tj 

If case (1) holds, then 1 > t x { 


^A^Vbb./i I 


V 


+ 


X,ii\ 


On the other hand, 1 < £q0 


II 2* 

;+ 

A,/x 


A ,n 

> \\t 


I) > h(\vij) since t 


a^vi^aJ 


A,/i vl ^Aj/J/I ^A,/^! || 2* 


> 


MK 


A,/Li 

A,/4 Iy I^A,/i 


£ A/" a . It follows that 


) since V A, P ^•'-a.m 


a,A il 


+ £ . It follows that 

= ll«A,ul|2* < 


Thus, t 0 (v x > £o(|^a Ail)- Recall the choice of to(y), we know that to(v x ai) = to(l w A/J)> which is 
a contradiction. Therefore, case (2) must happen. In this case, by (2) of Lemma GEU we have 


7A,Ai(tt„(l 


LKJ 


u x,n 


i) = 


0<t<t* lM (|< M |) 


hA* I«a,a*I) - Ix A\ v . 


A,J 


This, together with USD, gives that 


= h,M,u) > hAK J) > > mt 


that is, / 


, A,/i\- AiM \|- Aj/im ~ Aj/i |, ■■•A ,/i- - \ ' ~~ — 

also a local minimum of /a,^ on A/a./j, for A £ (0, Ai) and /z £ (0, n x ). Similar to 0 Theorem 2.3], 


Ka 




x,fi' 


Thanks to (3) and (4) of Lemma fiTTl ud^A/J)I W A/J 


we can show that I' x 


K A 




|) = 0. Therefore, by the maximum principle, there exists 


v Xn > 0 such that ^/.Oa./J = to a,m and r \A v tX> = 0 for A e (°> A i) and M £ (°> F*x)- 


Lemma 4.2 For every A £ (0, Ai) and fx £ (0,^), t x (u) is continuous for u £ iLo(^)\{0}. 
Moreover, A = {u £ iL o 1 (fi)\{0} : ^(m)^ = 1 1- 


Proof. Since t x (it) is unique for every u £ 7TQ(f2)\{0}, ^a m ( u ) i s continuous for u £ 7fo(^)\{0}- 
Let v = |i^||, then by Lemma HTT1 there exists t Xfl (v) > 0 such that tf ^(y)v £ AT Xfl , that is, 
Mm)m G ^ If u e then b 7 the uniqueness of tf ju), we must have = 

1. Therefore, Af X )i C {u £ H%( O)\{0} : ^ = !}• On the other hand, if u%)p]f = 1, 

then also by Lemma [37T1 u = ^ a ^ ( tcj][ ) jj^jjj- £ -A/j^, which implies that Af X[1 = {u £ iLg(f2)\{0} : 

^(m)m = 1} - I 


Lemma 4.3 For every A £ (0, Ai) and /x £ (0,fx* x ), m x < m X/1 + S N / 2 . 


Proof. Let ica./^z = u A + tU\, where /7 a is the ground state of (Pa,o)- For the sake of clarity, 
we divide the proof into three steps. 

Step. 1 For every A £ (0, Ai) and /x £ (0,fx x ), there exists C\ > 0 such that t x < 

Ca,^ for all t > 0, where wx,^,t = \\XXTtW 

Indeed, by Lemma H^l if not, then there exists {t n } C R with t n —> +oo such that t x {w\^ tn ) 
+oo. By the Lebesgue dominated convergence theorem, 


\w\,v,tj 2 dx 


[ l^+tnUxf \\Ux\\ 2 2 : 

JnWvX^ + tnUxW 2 " II^aII 2 ' 


O n (l). 


This, together with Lemma |3.31 and the Lebesgue dominated convergence theorem, implies 


0 <I\^{t Xll (wx^t n )w\^,t n ) 
(^u^A.^tJ) 2 


II^A,/i,t„ || 2 - ^^(/A.pKfttJwA.M.q + w) 2 dx 


1 


~ ^ J {txA W ^,tJ W ^,tn +w) dx 


II^A,M,t„ II - A l \w\»,t n || 2 + °n(l)) - 


(t x ^(w x ,,,,t n )) 


2 * 


2 * 


\ w X,n,t n II2* +°n(l)) 


.(*A ,u( W \U,tn)f 


, . (^A,||/7a||1. , ,, 

<-r-(1 + o„(l)) —- (11 n* + o n (l)) —>■ —00 as n -> 00 , 


II^aII 5 


a contradiction. 

Step. 2 For every A £ (0, Ai) and /i £ (0, /x x ), there exists t\^ > 0 such that v XjJ + t\^U\ £ 
Af x ^. 

:= i u £ mmm ■ i A, At (frllJl')Tl^Tr < !} and^A^ := {u £ H^(Q)\{ 0} : ^a,^(TT iflT)ffTTf > 
1} U {0}. By Lemma POl we know that Hq(Q) = Af^ U A Xfl U Af x . By Lemma l3Tl it is easy 
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to see that A/^" C A x . In particular, v x £ A x . 
where C \is given in Step. 1. Then by Step. 1, 


On the other hand, let t\ = 


Ca,„+i+II<JI 

Pbdl 


114^ + 4^1 


>(Cll^ii-K # ,H) 2 = (^ + i) 2 > 


U < +t1 ^ 

v Km+^ii 



2 


which implies that ( 




j.+ t i,u u A 


< 1. 


that is, vt + t 1 


A,/i L 


Ux £ By the 


continuity of t x (u) for u, there exists t\ 
^A.u(irar) I 


= 1}. Thanks to Lemma FOl v x 


n £ (0,f A J such that + t x ^U\ G {u G iL^(O)\{0} : 


'A ,/Li 

+ £ A/"; 


A,^u' 


Step. 3 < AS N A + m A M , where f AjM is given in Step. 2. 

Since v Xfl is a solution of (Qx,p)> by a direct calculation, we obtain 


hA v x,» + Au u a) 

~ ^ J (( v x^ + t\A J x + w) 2 * - 2 *(^ A ,/x + ^) 2 * _1 iA, M t / A - {t\^U x ) r - (v+^ + pp) 2 ’)dx. 


It is well-known that I\,o(t\^U\) < I\,o{U\) < -Lg^/ 2 (cf. Struwe |17]h On the other hand, 
(a + b) p — a p — b p — pa p ~ 1 b > 0 for all a > 0, b > 0 and p > 1. Therefore, IxA v t ^ + t\^U\) < 

m tn + 7? SN/2 - 

Combining Step. 2 and Step. 3, we know that m x < m x + j^S N A for every A £ (0, Ai) and 

MG(0,/4). | 


Lemma 4.4 For every A £ (0, Ai) and p £ (0, p* x ), (Q AjM ) has a positive solution v x £ A f x with 


Proof. By Lemma l3Tl A f Xfl = 0 for A £ (0,Ai) and p £ (0,p x ). Thus, using the Ekeland 
principle in a standard way (cf. Sun and Li |19|b we can obtain a sequence {v x /( } C A f x satisfying 
I\A V \A * m A/x and AA V ^A Y b as n y 00 • By Lemma ITTH m x < jj-S n A + m x . Thus, 
by Lemma [3~T1 there exists v x £ Hq(SI) such that v Xfi —> v x in Hq(SI) as n —t oo. This 
implies I\^(v x ) = m x and I' x fox u) = 0. Without loss of generality, we may choose v x > 0. 
Indeed, by Lemma 13.11 there exists ^(KJ) > 0 such that ^OaJJKJ g Thus > b y 

Remark 13.II and a similar argument of (|4.1|) , we have that 


L \,n 


= I A lM KJ > I xA t x,u (K 


A) v \,u 


) > hA t x,u(\ v . 




|) > m 


A,/4’ 


which implies Ix,fox A v x /J)I W A /J) = m x p- Similar to [5] Theorem 2.3], we can show that 

AAxAKAKA = 0 since ’ by ( 4 ) of Lemma E3 *a, m (KJ)K,/J is a local minimum of J A|At 
on A fx,fi- Therefore, by the maximum principle, there exists v x > 0 such that IxA v x /J = m x u. 

and AfoxA = 0 for A G (0, Ai) and p £ (0, p* x ). | 

Now, we can prove Theorem ll.il 

Proof of Theorem ll.il It follows immediately from Pronosition l2.il Lemmas 14. II and 14.41 


5 The third solution {Q\,p) 

In this section, we will find the third solution of (Q A At ) by using the theory of category as in Wu 
m- We first recall the definition of Lusternik-Schnirelman category and some useful lemmas. 
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Definition 5.1 (i) For a topological space X, we say a non-empty, closed subset Y C X is 

contractible to a point in X if and only if there exists a continuous mapping 


Mo,i]xy->i 


such that for some Xq £ X 

£(0, x) = x for all x £ Y, 

and 

£(l,x) = Xo for all x £ Y. 

(ii) We define 

cat(X) := minjfc £ N : there exist closed subsets Y\, ■ ■ ■ , Yj. C X 
such that Yj is contractible to a point in X for all 
j and Uj =1 Yj = X}. 

When there do not exist finitely many closed subsets Y\, ■ ■ ■ , Y^ C X such that Yj is contractible 
to a point in X for all j and U f—iYj = X, we say cat(X) = oo. 

We also need the following three lemmas. 

Lemma 5.1 [1, Theorem 2.3] Suppose that X is a Hilbert manifold and F £ C 1 ^, R). Assume 
that there are Cq £ R and k £ N, 

( i ) F(x) satisfies the Palais-Smale condition for energy level c < cq, 

(ii) cat({x £ X : F(x) < Co}) > k. 

Then F(x) has at least k critical points in {x £ X : F(x) < Co}. 

Lemma 5.2 J3J Lemma 2.5] Let X be a topological space. Suppose that there are two continuous 
maps 

$ : ->■ X, 'Y : X 

such that o $ is homotopic to the identity map of S w_1 , that is there exists a continuous map 
( : [0,1] x —X S N ~ 1 such that 

£(0,x) = \f r o $(cc) for each x £ S^^ 1 , 

C(l,x)=x for each x £§ n ~ 1 . 


Then cat(X) > 2. 

Lemma 5.3 \21l Lemma 4-4] Assume 11 satisfies condition (D), then there exists d o > 0 such 
that for v £ Afo,o with Iq,o(v) < jfS N / 2 + do, we have 


JR" |X| 

The following lemmas are crucial in finding the third solution. 

Lemma 5.4 There exist X* £ (0,Ai) and p** £ (0,p*\) such that for A £ (0, A*), p £ (0 , p**) and 
v £ Mf]^ with I\,fj(v) < + jjS N / 2 , we have 



■^-\Xv\ 2 dx^0. 

\x\ 
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Proof. Assume v £ A/", and I\A V ) < rn A/i + -A S N / 2 . Similar to (13.41) . for A £ (0,Ai) and 
p £ (0,/i A ), we have 

^S N/2 > /*» - > C||t,||?: - C 1M 2 * - C\\fi 2 - CrlA/x) 2 */^*-!), (5.1) 

since, by Lemma 13.31 < 0. It is well-known that there exists t v > 0 such that t v v £ A/o,o- 

Moreover, by Remark [3.11 > I\^(t v v) for A £ (0,Ai) and p £ (f),p* x ). Since v £ A/ - ^ , 

similar to (13.31) . we have ||u|| 2 * > (C(l — — Ci/Lt 2 ’ -2 ) 1 /^* -2 ) > 0 for A £ (0, Ai) and p £ (0,yU A ). 

Thus, there exist A 0 £ (0, Ai) and fi* > 0 such that ||i>|| 2 * > C > 0 for A £ (0, A 0 ) and fi £ (0, fi*). 
This implies that there exists T > 0 such that t v <T for all A £ (0, A 0 ), fi £ (0, fi*) and v £ A . 
On the other hand, since t v v £ A/o.o, ||i„u|| 2 * > C > 0. This, together with (15.11) . implies that 
there exists to > 0 such that to < t v for all A £ (0,A°), fi £ (0 , p*) and v £ Afr . Therefore, by 
the mean value theorem, 


A It' « « 

Io,o(t v v) =I\ :IJ ,(t v v ) +-\\t v v + fitp\\l +— J (\t v v + fup\ 2 - \t v v\ 2 )dx 

</^(o) + C(A ,fi) 

<l-S N / 2 + C( X,n), 

where C( A, fi) —> 0 as A —>• 0 and fi — > 0. Thus, there exist A* £ (0, A 0 ] and fi** £ (0, fi*] such that 
for A £ (0, A*), fi £ (0, fi**) and v £ A f x ^ with I\^{v) < m + ^S 1 ^ 2 , we have 


Io,o(tyV) < — t ?^ 2 + do- 


By Lemma T5.31 



dx ^ 0. 


Since t„ > to for all A £ (0, A*), fi £ (0, fi**) and v £ A/" a 



dec ^ 0 


for all A £ (0, A*), fi £ (0,/z**) and v £ A/” a m with 7 AiM (d) < + Ag^/ 2 . 

Let 

= P(.r)(A-(A--4)r)^--^ 

J (e 2 + |x — (1 — e) 17 > |)( Ar_2 )/ 2 ’ 

where <^(x) £ Co°(ft) is radially symmetric function such that 0 < <j>(x) < 1 and 4>{x) = 1 for 
2d 0 < |x| < do is given in (D), £ <S W_1 := {x £ M. N : \x\ = 1} and e £ (0,1) small enough. 

Then we have 


Lemma 5.5 There exist Eq > 0, A** < A* and p\* < fi** such that for each e £ (0,£o), A £ (0, A**) 
and fi £ (0,/iJ*), v Xfl + t\ t ^ e U s ^-(x) £ A f x for all £ S N ^ X and some tA,/i,£ > 0. Moreover, 
there exist t A > t A )i > 0, independent of e, such that ty Mj£ £ (f A M >t A ). 


Proof. The proof is similar to the proofs of Step. 1 and Step. 2 in Lemma l4~3l so we only sketch 
it. By [16] Lemma 4.2], there exist t A * > 0 and £i > 0 such that for t > t A *^ and e £ (0,£i), we 
have 


Kn + We,If WZ ^ 2*1114,^1 

K.+tu^ir ~ ii^r-^Kjr 


S N / 2 + o(e) 

(S”/*)*-/* + 0 (e)-$r KJ| 2 * 


> C> 0. 
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Hence, as in Step. 1 of Lemma [4.31 we can obtain t x ( Wt , e ) < T for some T > 0 if t > t* x ^ and 
£ G (0, £i), where 


V \,U + 


Wt,s Kr+tU'jw 

Let t x fle = max{t^* M , —then also by [T5J Lemma 4.2], there exists t Xfi > 0 such that 
t x — n f° r e G (0, £i). Similar to Step. 2 of Lemma 14..‘11 we have 




1 


\\ V X,H + 


< 1. 


Thus, as in Step. 2 of Lemma fOl there exists t\^, e < t x ^ such that v x + t\, t i, e U E -^ G J\f x 
for every G S N ~ 1 . Moreover, since + tx,^, e U E ^ G Af x ^, G N and \\U et -f\\$. = 
S N / 2 _|_ 0(e N ) (cf. He and Yang |TB], Sun and Li [IS], Wu [21]), by a similar argument of (13.21) 
and m , we have 


t\,LL,£ ^ 


(C( 1 - £) - Cx/r 2 *- 2 )^ - Cr/i 2 * - Cr(A/i)^ 

S N /z + 0(e N ) 


Therefore, there exist £o < £i, A], < A* and /4* < At** such that > t' Xjl > 0 for all £ G (0, £o), 
A G (0, A**) and /j G (0, a4*)- I 

Lemma 5.6 Assume A G (0,A^), fi G (0,/x^) and TV > 4. TTien A/iere exists e* < £q such that 
for £ G (0, £*), + t\ tfll eU E ^ G /or all V G <S jV ~\ wdiere Gx,^,a e ■= {u G A/"^ : u > 

0, < jjS N / 2 + rri^ — cr E } and a e — > 0 as £ —> 0. 

Proof. Similar to Step. 3 in Lemma T4.31 we have 


—h,fj,(v X41 ) + Ix,o(tx,^., e U Ei -f) - — / |Ua iA j + + t\,fj,, e U E ^\ 2 dx 


+ 4 / l*A, / ,, e t4,^| 2 *dx + ^ f Iv+fi + iMpf dx 
J Cl J f2 


+ / ( W A/x + W) t\,v.,eU E<1 }dx. 

Jn 

Since Aa,^,e G (t A ,t x ), by a famous estimate (cf. Sun and Li [IS]), we have 


Ia,a i( v X,n + t\li,eU E ,-f) < m t,n ”1 ^“(ll^e.vll 2 — ^11 III) II U £ -1? II 2» 


A ,//,£ I 


-<‘L) ■ 1 (»L + w)<fa + »(£"- w ") 

<mt + ^SV2_ e (»-2)/ 2(I ,_ o(1))i 


where 


£ , = (^) 2 * -1 K. u (t) + w(i/ > )) 


A ,/x v 


f (N{N- 2))^ 

V (i + M 2 )^ 2 )/ 2 


dx for TV > 4. 


Therefore, by Lemma [5~5l there exists £* < £o such that for £ G (0,£*), v x +t\^ tE U E ^ G Gx tf i, 
for all l/ G S N ~ 1 , where a E = e^ N ~ 2 ^ 2 (D — o(l)) —)> 0 as £ —> 0. | 

Now, we can obtain the third solution of (Qa,/j). 

Lemma 5.7 Assume A G (0, A**) and p, G (0,/i[*). Then (Q\,n) has three solutions. 
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Proof. Since Lemmas 15.4115.61 holds for A G (0,A*„) and p G (0,/x^), we can follow the proof 
of POQ Lemma 5.6] step by step to show that Cat(t/A 1|U ) > 2 by using Lemma 15.21 Thanks to 
Lermna l5.il there exist two solutions of (Qa./J in G\,n- This, together with Lemmas 13.3114.11 and 
14.41 implies that (Qa,/x) bas three solutions for A G (0, A**) and p G (0, pi+). 


6 The fourth solution of (Q\,p) 

In this section, we will follow the strategy of He and Yang m to discuss the existence of the fourth 
solution for (<2a,/x)- We begin with 

Lemma 6.1 For every A G (0, Ai), there exist p\* G (0,p x ) and r\ > 0 such that 

(1) is strictly convex in 5(0, r\), where 5(0, r) := {u G 5g(f2) : ||it|| < r}. 

( 2 ) C J 3 (°> r A) fort* G 

(3) v \fj, * s critical point of Ia, m to A/^ . 

Proof. (1) By a direct calculation, we have 

=IM| 2 - A|M|| - (2* - i) f \u + ptp\ r ~ 2 v 2 dx 

J n 

>(1 ^ f »|| 2 , - (2* - l)2 2 *- 2 (5^ ||u|| 2 *- 2 + Cp 2 '~ 2 ) IHI 2 , 

=((i - ~ (r - i) 22 * -2 ^^INI 2 * -2 + Cm 2 *” 2 ))IMIl- 

Al 

Therefore, for every A G (0, Ai), there exists p° x G (0,/x^) such that 

(1 - A) 5 _ (2* - 1)2 2 *- 2 C7z 2 *- 2 > 1(1 - A) S for p G (0,/x°°). 

Take 

= / A/(2*-2) 

A (2* - 1)2 2 *- 2 S ,2 t^ 

then I" i( ,(«)(d,h) > 0 for u G 5(0, ta), p G (0,/x°°) and u G 5 "q(U)\{0}. 

(2) Similar to (13.21) . we can show that ||u|| < C(( A ^ A )((A/x n ) ?r ^ T + /z 2 *)) 2 for all u G M x 
It follows that there exists /x“ G (0, /x°°) such that C 5(0, r\) for p G (0, p\*). 

(3) Assume a contradiction, then there exist at least two critical points, denoted by v\ 

and vf , lie in A/"^ - . By (1), we know that I" M + (1 — t)v 2 ^){w, w) > 0 for A G (0, Ai), 
p G (0, p* x *), w G 5g(fl)\{0} and t G [0,1]. This, together with the Taylor’s expansion, implies 
both Ia.mC^a./J > and which is a contradiction. 

The following lemma is a further local compactness lemma. 

Lemma 6.2 Assume v n > 0, v n G A ^ I\^(v n ) = c + o n (l) and I' x ^{v n ) = o n { 1). If c G 
(mt„ + ±S N/2 , m A + jfS N / 2 ), then there exists i>o G A/” a such that v n — > no as n —A oo up to a 
subsequence for A G (0, Ai) and p G (0, ^a*)- 

Proof. As in Lemma IH~H we can show that there exists vq G 5g(f2) such that v n — 1 uo in 5 q(I 2). 
Let = v n — Vo . Then by (1331) and the Brezis-Lieb Lemma, we have 

fo,o(®u) = I\,u(. V n) - h,ii(v 0 ) + 0„(1). 
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Similar to m , we can obtain that 


I o,o( w A'>P = T x l/t KW - j a, (U K)V’ + °n(l) for all V G #o( n )- 


Clearly, is a critical point of Hence, by a result of Struwe ED, there exist l G N and 

a solution u* of (Q 0 ,o) such that Io,o(w n ) = I 0: o(v*) + jjS N / 2 + o n ( 1). If v 0 G .A/a] , then by 
Lemmas ix3i m and ED we know that v* ^ 0 and l = 0, since it is well-known that v* ^ 0 
implies Io,o(v*) > ^S’ Ar / 2 . Using Struwe’s result again, we known that v n —> vq + v* in Hq(£1), 
which is impossible since v n — 1 vq in Hq(£1). Therefore, we must have vq G . This implies 
Io,o{wn) < jfS N ^ 2 + o„(l). Since I 0t0 (v*) > jfS N / 2 if v* ^ 0, we must have v* = 0 and l = 0. 
Due to Struwe’s result again, we know that v n —> Vq in fLg(fl). 

In what follows, we re-denote U e -^(x) and (j)(x) by U^(x) and (fs 0 (x) for the sake of clarity. 
Similar to [16], we denote V := jo G Hq (fl) : v > 0, ||u|| 2 * = 1}. We define a functional /3 : V —>• M w 
given by /3(v) = f RN x\v\ 2 dx , where the function v is extend to 1^ by setting v = 0 outside H. 
Set Ao := {v G V : /3(v) = 0} and c* = inf ve> ^ 0 ||u|| 2 , then by p~6] Lemma 5.4], c* > S. Thanks to 
fill Lemma 5.6], there exists £** G (0,£*) such that ||f/^°^.(a;)||| ) i i 2 ^ R jv) G (S, ] c * ) for e G (0, £**). 

Let r* = 1 — £** and Br, := {(1 — e)A G K w : |(1 — e)A\ < r*, A G 1 ,0 < £ < 1}. We 
also define a functional Ja: V —>• R given by J\^(v) = Ix,A^x ^i v )v), where (v) is given in 
Lemma ED Set 

7a,m = inf sup J\ u(v), 

T S-, 


where T := {/i G C(H-,, V) : /i| s *. = C^(*)} and 
help us to show that 7 a jM is a critical value of Ja iM on V. 


u 5 % 

d’" —. The next three lemmas will 
H r/ e ,y lb* 


Lemma 6.3 Jx t ^{U^) = jjS N / 2 + 0(e) + O(fi) for every So G (0,1), A G (0, Ai) and uniformly 
for A G S N ~ X , where 0(e) ->• 0 as £ —>• 0 and O(yt) —> 0 as fi —> 0. 


Proof. By [SI Lemma 4.2], ||[/J^|| 2 = S^/ 2 + o(e), ||Z7j^||£ = S^/ 2 + o(e) and ->■ 0 

as £ —>• 0 in fLg(fl) for every <5o G (0,1) and uniformly for A G 5 iY ~ 1 . These, together with 

G -^A^’ im P lies 


o =tA.,(^)ll<VH 2 - Af ^(^)ll^lli - ^/ n 

- 

- x \\U^\\i - (txA^r- 2 ) + 0(e) + 0(p). 

Similar to (13.31) . for every So G (0, 1) and A G 5 Ar_1 , > (C + 0(e))(l — A + 0{n )) 2 *- 2 . 

Hence, we must have 

II^VII 2 - m s £ ^\\i - {t-xA^r - 2 = °( £ )+ °A), 

which means that tf = S 1 ^ 2 _2 ^ + 0(e) + O(yt). It follows that 


JxAu s e °A =^( 5 (iV - 2)/2 


+ 0(e) + 0(n))( 


S N/ 2 + o(e) . 
5( JV - 2 )/ 2 +o(£) j 


-^(^ /2 + 0 ( e ) + 0 (/ r )) 
= -^5 jv / 2 + 0 ( £ ) +0 ( /x) 


a(Q(e) + O(A) 

2 (5(iv-2)/2 + 0 (e)) 


for every <5 0 G (0,1), A G (0, Ai) and uniformly for A G 5^ 
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Lemma 6.4 m x ^ = j^S N / 2 + 0(A) + 0{p), where 0(A) —>• 0 05 A —> 0 and O(p) —>• 0 os p — > 0. 

Proof. By Lemmas 13.31 and [4.31 it is easy to see that m x < jjS n ' 2 . Since v x £ ,A/"r is a 
solution of (Qa,/z)> similar to (13.21) and (13.41) . we can conclude that 

(C(l - - 0 lM 2 ‘- 2 )) 1/(2 ‘- 2) < KJ 2 * < 0 + 0(A, p), 

where 0(A, p) —>• 0 as A —>• 0 and p —>• 0. It is well-known that there exists > 0 such that 
[i £ AW Since (0(1 — ^-) — 0i/x 2 _2 )) 1 /( 2 _2 ) < there exists T > 0 such that 

< T for A and p small enough. It follows from Remark 13. II that 

m A,M = J v(%) > A^X^xA ^ ^ S ' W/2 + °( A ) + 
which completes the proof of this lemma. 

Lemma 6.5 There exist p > 0, <5* £ (0,1), A 2 * £ (0, A**) and /x 2 * £ (0,/xJ*) such that -^S 1 ^ 2 < 
7 o,o ~ P < 7 a.m < 7 o,o + P < ji?S N/2 + m A.M f or A e (0, A*), p £ (0,/x*) and S 0 £ (0,(5*). 

Proof. Similar to [16l Lemma 5.10], we can prove that there exists (5* £ (0,1) such that 70,0 £ 
(jfS N / 2 , j^S N / 2 ) for So £ (0,(5*). It follows that there exists p > 0 such that S N / 2 < 70,0 ~ P < 
7 o,o + p < jjS N / 2 . Thanks to Lemma l6~4l there exist A 1 £ (0,A**) and /x 1 £ (0,/x**) such that 
70 + P < j?S N / 2 + m x for A £ (0, A 1 ) and p £ (0, p 1 ). On the other hand, for every d £ (0,1) 
and v £ V, by the Young inequality, we have 

JxA v ) = W,o(w( u ) u ) + d \\ t xA v A\T* +c{x,p,d) 

<Wd ( v ) v ) + rf ll A (WII 2 * + p , d) 

=( T^d )J ^ l|t,||2 + c,(A,M,d) 

= ( 7 — i) 1 ^ Jo,o(v) + 0(A, p, d), 
l — a 

and 

JxA v ) = hA t x,^( v ) v ) > I xA t d( v ) v ) 

> J 0 , 0 {td (v)v) - d\\q(v)v\\f, - C{ A, /X, d) 

=(Y^)^lkl| 2 -C(X,p,d) 

Ay^^JoAv) - c(x,p, d), 

where C(X,p,d) —» 0 as A —> 0 and p —* 0 for fixed d £ (0,1), /o,o(*d ( w ) u ) + d||tj(v)w|| 2 » = 
max t > 0 (/ 0 ,o(to) + d||tv|||*) and ( v ) v ) - dp^(Will* = max t > 0 (/o,o(^) - d||ii;|||I). By the 

definition of 7 a, we have (W)^~7o,o - 0 (A, p, d) < 7 a, M < (W)^~7o,o + 0 (A, /x, d). It follows 
that there exist A 2 * £ (0, A 1 ) and /x** £ (0, /x 1 ) such that 70 — p < 7 a, m < 7 o + P, which completes 
the proof of this lemma. 

Combining Lemmas 16.31 and [6~5l there exist A* £ (0,A**) and /x* £ (0,/x 2 *) such that 7 a, m > 
Jx.it AtA) ^ or A e (0,A*), P £ (0,/x*) and £ small enough. By the minimax principle (see Am- 
brosetti and Rabinowitz a), 7 a,/ i is a critical value of J\^{v) on V, that is, there exists {v n } C V 
such that 

Jx,fj,{v n ) = 7A, fJ, + °n( 1); II J X,[i ivA II ^ = 

where T* n V is the dual space of T Vn V := (xu £ Hq(£ 1) : f n (v n ) 2 ~ 1 u> = 0}. In what follows, we 
will show the existence of the fourth solution of (Q a, m ). 
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Lemma 6.6 There exists v\ ^ £ Af x such that M ) = 7a, M and I' x ^{v\ = 0 for A £ (0, A*) 

and fj, £ (0, /Lt*). 


Proof. By the implicit function theorem, for h £ T Vn V 1 we have 

,i_i( v n)h = ((^A,/i) ( V n)h)I X j l (t Xfi {v n )v n )v n + t\ tli (v n )I X/1 (t x ^ (v n )v n )h. 

By Lemma (3TTJ for every v n , tf ^(v n ) > 0. This implies I\^(tf ^{v n )v n )v n = 0, since t x ^(v n )v n £ 
A f x . It follows that 

J \A v n) h = tx, l i( v n) I \, fl (tx,^ n )v n )h for h £ T Vn V. (6.1) 

We claim that {tf ^(v n )} n& n stays positive and bounded away from 0. If not, then t x (v n ) —> 0 
up to a subsequence as n -> oo. It follows that tf d^nXII^nll 2 — ^ll^rall!) = fnT v ndx + 
f n (fxip) 2 * _1 v n + o n (1), since t x ^(v n )v n £ Af Xfl and v n £ V. Hence, 

^S N/2 + o n ( 1) < 7 a,^ + o n (1) = J\,^{v n ) < -^WwWl + o n (l) < o n (1), 

a contradiction. Note that Hq(SY) = © T Vn V and I' x (t x (v n )v n )v n = 0, 

I xA t x, l j.( Vn ^ Vn ^ w = for all w £ 

where h w is the projection of w in T Vn V. Thus, by (EH), 


W I \A t xA Vn ^ Vn 


= sup 

«,ei^(n)\{0} 

< sup 

weH^(u)\{o} 




\w\ 


^X,u.^X,u,( V n) v n)h u 


Ill'll 

J\,u(. V n)hw 

= sup _ --- 

u,eifi(Q)\{0} t\^\Vn)h w 

<C\\J' X (v n )\\T* V = On( 1). 


On the other hand, by the definition of Ja, m , it is easy to see that I\,n(t x (v n )v n ) —> j\ tll as 
n —> oo. Thanks to Lemmas 16.21 and Ed t x (v n )v n —> v x as n —> oo for A £ (0, A*), fi £ (0, /x*) 
and So £ (0,(5*). Clearly, v\ is a solution of (Qx,n) and different from the solutions find in 
Lemmas 14.1114.41 and 15.71 for A £ (0, A*), [i £ (0,/z*) and <5o £ (0,(5*). 

We close this section by 

Proof of Theorem 11.21 It follows immediately from Lemmas 15.71 and 16.61 
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